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Two non-linear bead and spring models are considered for the Brownian dynamics simulation of the
behaviour of polymer chains in a dilute solution under shear or elongational flow. One of them is the
HYBRID model whose springs are Hookean at low elongation, and beyond some spring length they follow
a Morse potential with a given dissociation energy. This model is suitable for studying polymer fracture
in strong flows. In this paper we describe the model and check that it has the proper behaviour in the two
regions. The second model is a chain of finitely extensible, non-linear elastic (FENE) springs. Our simulations
show several features of the FENE model that agree well with observation. In shear flow, the deformation
of the FENE chain at high shear rate deviates from the square law followed at low shear, in agreement
with some experiments. The model also predicts the typical shear-thinning. non-Newtonian behaviour of
the shear viscosity. In elongational flows, the variation of the chain properties with the elongation rate
shows a rather sharp increase at some critical rate that is reminiscent of the so-cailed coil-stretch transition.
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INTRODUCTION

The behaviour of flexible macromolecular chains in a
flowing solution is a difficult subject because of the
complex interplay between conformational and hydro-
dynamic aspects. If one wishes to obtain analytical results,
approximations of some kind usually have to be included
in the theoretical treatments’. Since the early 1980s, the
Brownian dynamics simulation technique has proven to
be a powerful alternative tool for the study of the
behaviour of polymer chains in a solution subjected to
any type of flow? !5, In particular, we have studied the
deformation, orientation, birefringence and viscosity of
polymer chains in shear flows® ™' as well as the
interesting processes of sudden polymer stretching and
fracture in elongational flow!*!5. The polymer model
used 1n our previous studies has mainly been the simple
Rouse bead and spring model with Hookean springs,
Gaussian statistics and infinite extensibility. This model
i1s commonly accepted as a proper representation of
polymer chains at low flow rates, and in Brownian
dynamics simulation it has the advantage of allowing
quite large time steps Ar owing to the linear and ‘soft’
nature of the springs. When we were concerned with
deformation and fracture in strong elongational flows,
we employed another model with springs obeying a
Morse potential'*!* that includes dissociation behaviour.
At low energy, the Morse chain reduces to a chain of
‘hard” Fraenkel’''® springs with non-zero equilibrium
length and a large spring constant. This requires the use
of a small Ar in the simulation, with a corresponding
increase in computing time.

In the present paper we consider two alternative chain

*To whom correspondence should be addressed

models in the Brownian dynamics (BD) simulations. One
of them is the HYBRID model which combines the
desirable features of the Hookean (Gaussian) springs at
low elongation with dissociation behaviour at high
energies, thus enabling the use of fairly large time steps
in both regimes. In addition to the HYBRID model,
which is original in the present work, we have also
considered the well-known finitely extensible, non-linear
elastic (FENE) model*'!”, which had not been used in
BD simulations until very recently®. Essentially, we carry
out for both models a series of simulations similar to
those that we have previously made with Gaussian and
Morse models. We check whether the HYBRID model
actually describes properly the two regimes, and from
the results from the FENE model with a non-approximate
inclusion of hydrodynamic interaction (HI) we learn
about the joint influence of finite extensibility and HI on
the deformation of the polymer chain and the non-
Newtonian behaviour of the polymer solution.

MODELS AND SIMULATIONS

The system under study is a very dilute solution of high
molecular weight polymers which is subjected to some
type of flow. We model the polymer as a chain with N
beads of radius ¢ (which represents the friction of the
polymer with the solvent) connected by N—1 springs
describing the internal degrees of freedom. Two different
types of springs, HYBRID and FENE, are considered.

HYBRID model

We propose in this work a HYBRID model in which
the springs show linear or elastic (Hookean) behaviour
for low elongations until the spring length Q reaches a
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Figure 1 Potentials (a) and forces (b) for Gaussian, Morse and
HYBRID models (curves corresponding to H=3, 4=60 and b,=2 in
reduced units)

certain value Q_, and beyond this value inelastic forces
of the Morse type are applied. Thus, the potential energy
and the force at the HYBRID springs are given by

Q)= {H 0’2 0<0.

A[l —e_B(Q*bn)]Z +AV(QC) Q>QC (la)

and

F(Q)Z{2AB[e—)_B(Q—hU]_eB(Q*bn)] Q>QC

The Hookean constant is H=3kT/{Q?>, where {Q%)
is the mean-square spring length in the case that F(Q) is
Hookean for all spring lengths. (Actually, the contribution
of the Morse part to {Q?) is negligible because it takes
place at high energies that are statistically insignificant,
and therefore we can accept that H=3kT/{Q?) directly.)
A is the dissociation energy of the springs: note that
V(Q)—AV(Q)—A as Q- . The two other Morse
parameters lose the meaning that they have in a pure
Morse potential since they determine the behaviour at
low Q. when the potential is not represented by Morse
equations. In any case, numerical values have to be
assigned to them. Regarding the crossover from the
Hookean region to the Morse region, we stipulate that
V(Q) and its first derivative F(Q) must be continuous.
Thus, given numerical values (in dimensionless forms; see
below) for H on the one hand and A and b, on the other,
B and Q. are fixed by the continuity of F(Q) (the Hooke
and Morse equations for F(Q) must have a single contact

(1b)
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point instead of none or two). Values for B and Q can
be found by an iterative procedure. The continuity in
V(Q) requires a shift upwards of the Morse part, adding
AV(Q.), which is just the difference between the pure
Hookean and Morse potentials at Q,, i.e.

AVQ)=(HQ /D~ A[1—c "¢ ()

Figure [ illustrates how the HY BRID model is constructed
from the Hookean and Gaussian curves for F(Q) and

V(Q).

FENE model

For the finitely extensible, non-linear elastic (FENE)
spring model'-*”, the potential energy and force are given
by the well-known expressions

V(Q)=—HQ§In[1—(0/0Q,)*]/2 (3a)
and
F(Q)= —HQ/[1—-(Q/Q)*] (3b)

where H is the spring constant, as in the previous model.
and @ is the maximum length of the springs. There ar¢ a
number of approximate versions of the FENE model in
the literature, such as the FENE-P and FENE-PM
models'® which are based on the so-called Peterlin
approximation. These versions were proposed to simplify
the analytical development and the numerical handling.
However, there is no need to employ such approxi-
mations in Brownian dynamics simulation, and therefore
we employ here the original FENE model.

Brownian dynamics

We employ the computer simulation technique known
as Brownian dynamics, and particularly the Ermak-
McCammon?® algorithm improved by Iniesta and Garcia
de la Torre?® with a second-order modification. In our
simulations, each step is calculated according to

r,=r) +(At/kT)Y D;;F,+ V2 -At+pfAr)  i=1,....N
J

(4)

where r is the position vector for bead i before the
Brownian step, At is the time period, kT is the Boltzmann
factor, D;; is the diffusion tensor (given by the Rotne-
Prager-Yamakawa?'-?2 expression in our case), F, repre-
sents the forces on bead i, V, is the velocity of the solvent
at the position of this sphere and p; is the random
contribution to the Brownian motion.

The flow is introduced into the algorithm through the
term V,, and its value depends on whether we simulate
shear or elongational flow. For shear flow

V.=y} V,=V.=0 (5a)
and for elongational flow
Vi=—8&x/2, V,= —éiy/2, V,=¢éz (5b)

where 7 and ¢ are shear and elongation rates.

In simulation it is convenient to work with dimension-
less magnitudes instead of the real values. This is
accomplished by dividing the basic quantities by the
length [, which is the root-mean-square length of the
springs in the Gaussian limit, the energy kT and the time
[?¢/kyT. In these units the parameters used in the
simulation are H*=3 and £} =0.083, where /i, is a
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characteristic time given by Ay={/4H and normalized
according to inverse time units. For one of the Morse
parameters we take, as in our previous work, 4*=60.
With a reasonable choice of b =2, the two other Morse
parameters are determined to be B*=0.35 and Q¢ =3.5.
For the FENE model we take Q¥ = 10, and therefore the b
parameter in the FENE springs (b= HQ3/kyT) takes the
dimensionless value b* =300. The hydrodynamic radius
of the beads o* =0.257, which corresponds to a value of
the HI parameter h* of 0.25, where h* = (3/r)"/2{/6nnyb.
For the simulation conditions we use 10° steps divided
into five subtrajectories (2 x 10° steps each), the first of
which is rejected to allow the model to reach the steady
state in the presence of the flow’, and the properties are
averaged in the other four subtrajectories, sampling one
out of every four steps. A critical parameter in the
simulations is Ar* (mainly in the FENE model) because
for high gradients, in which the springs are very stretched,
we find important variations in the values of the forces
within a single step, and one of the conditions in our
technique is that the forces must be constant during a
time step. The optimized value for Ar* is 0.02 for both
models at low intensities of flow, and Ar* =0.002 for the
HYBRID and FENE models when the intensity is higher.

RESULTS

Steady shear flow

In this type of flow it is convenient to use a form of
the shear rate related to the length of the polymer chain®

B=Mnnlo}/NsksT (6)

where M is the molecular weight, 5, is the viscosity of
the solvent, [4], is the intrinsic viscosity of the solution
when no flow is present and 7 is the shear rate. Using
dimensionless parameters we can write

B=1[n157*/6nc* (7

where
7*=(6nnol*/kT); (8)

and [7]% =[n]oM/N o* is the reduced intrinsic viscosity.

We start our study with the influence of the shear rate
B on the relative increase ¢ in the mean-square radius
of gyration, defined as

SZ
¢=<—<2>>—1 ©)
80
where ¢(§?) is the radius of gyration for a shear rate f

and {82}, is the value for zero shear rate.

In Figure 2 for the FENE model we show log-log plots
of ¢ versus  with (HI) and without (no HI) hydrodynamic
interaction. The aspects of these plots are different from
those obtained when the Gaussian model is used'?. At
low shear rate, the deformation ¢ in both cases follows
a straight line in the log-log plot with a slope close to
2, indicating that the known power law

¢=Cp* (10)
for Gaussian chains holds for the FENE chains at low
B. Indeed, the numerical values that we find for the
constant, C, ;=0.15 and Cy,;=0.09, are practically the
same as those found for the Gaussian chain!?-%3. This

indicates that in the low shear region the ¢—f relationship
is model independent.

However, at high shear rate a downward curvature
appears in the plots, so that equation (10) is not valid in
this region. It is important to point out that this be-
haviour matches precisely that observed experimentally
by Lindner and Oberthiir’* using low angle neutron
scattering for polystyrene in shear flow, with a clear
deviation from equation (10) at high shear. The origin of
the deviation, about which there has been some hypo-
thesis, can therefore be explained (among other factors)
in terms of the finite extensibility of the polymer chain.

We have also calculated the intrinsic viscosity for the
FENE model. The contribution of the polymer to the
solution viscosity is

N=n,=—~(Ty)p/7 (11)
where (z,,), is the contribution of the polymer to the xy

component of the stress temsor. Then, the intrinsic
viscosity [#] is given by

— N
[n]=lim<" ”S>=——“(’—".& (12)
c-o\ CHg M-

where n and ¢ are, respectively, the number concentration
and mass concentration of the polymer. Using the
modified Kramers! 2 stress tensor for a macromolecular
model based on beads and springs, the intrinsic viscosity
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Figure 2 Variation of the conformational parameter ¢ for the FENE
model in shear flow rersus the shear rate f without (a) and with (b}
hydrodynamic interaction
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Figure 3 Variation with shear rate § of the shear viscosity [#]
normalized to its value at zero shear rate [#], for the FENE model
without (a) and with (b) hydrodynamic interaction

can be calculated by means of

N i
(n=—"L_1% (R F& (13a)
”snMT i=1 -
or
N
[n]* =(6ma*/*) Y. (R¥ Fm* (13b)

i=1

where N, is the Avogadro constant, M is the molecular
weight of the polymer, R; is the position vector of bead
i relative to the centre of mass of the chain and Fi™
denotes the ‘mechanical’ forces which act on bead i,
obtained as the composition of the forces associated with
the springs connected to that bead.

In Figure 3 we show the variation of the intrinsic
viscosity [#] for different chain lengths (N=8, 12 and
20), normalized to the value in the absence of flow [#],,.
versus the intensity of the flow (in terms of f) for the
no HI and HI cases. In both cases we note the typical
non-Newtonian behaviour with shear thinning at high
values of f. This is in contrast to the Newtonian
behaviour of the Gaussian model without HI, and with
the non-Newtonian positive deviation (shear thickening)
with HI'!-2¢_ Therefore, finite extensibility seems to be a
factor of more importance than the inclusion of the
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hydrodynamic interaction in the prediction of the
non-Newtonian behaviour of polymer solutions.

In the HYBRID model the variations in {§?> and [#]
are very similar to those shown by the Gaussian model
with and without HI, as we can see in Table I for the
particular case of N=12 and different shear rates. The
only difference to be pointed out is that it is not possible
to apply high gradients of flow to our model because this
could produce fracture of the chain. This is the reason
why we have not done a particular study for the HYBRID
model at high shear rates, and we can assume that all
the conclusions (in the range before fracture) are the same
as those obtained for the Gaussian model*® 12:2¢,

Steady elongational flow

Steady elongational flow is the second type of flow we
studied in the present work. First, we show some results
for ¢{$2) and the elongational viscosity [#] for the FENE
and HYBRID models in steady state, followed by a brief
presentation of the kinetics of fracture for the HYBRID
model.

The elongation rate ¢ can be recast in a dimensionless
form v in the same way as done for § in equation (6)

v=Mun[n]pé/N kT (14)

where all the parameters have their usual meanings.
Using dimensionless parameters we have

_ e .
6no*

(15)

where é* 1s defined in terms of ¢ as in equation (8).

In Figure 4 we show the elongation rate dependence
of {5 expressed in terms of the deformation ¢ for the
FENE model with different chain lengths (N =8, 12 and
20) with and without HI. From these data we observe a
first range of v in which there is nearly no change in the
coil conformation of the polymer chain with elongation
rate up to a certain value v, where a sudden change in
coil conformation is produced and the chain adopts a
much more stretched state. This behaviour is sometimes
regarded as a coil-stretch transition, although such a
transition can also be considered as a kinetic process in
the sense that it is a temporal change from one
conformation to the other, which requires some minimum
intensity of flow v.. To quantify a possible scale law for
the relationship between v, and the chain length N (or
molecular weight) from our results, we first note (according
to Figure 4) that the value of v, is independent of N, both
with and without hydrodynamic interaction. {Actually,
we observe v x 1 both with and without HI.) Now,

Table 1 Values of the mean-square radius of gyration <5?> and shear
viscosity [i7] for Gaussian and HYBRID models (both in dimensionless
form) corresponding to a chain Jength of N = 12 with and without HI

No HI HI
HYBRID Gaussian HYBRID Gaussian
oS ) (8% [nd* SH* fm* (S [
0.3 2.51 19.01 2.53 19.4 221 14.2 2.15 13.8
0.5 2.51 19.1 3.37 19.5 2.51 139 247 134
0.8 5.3 19.1 5.4 19.6 33 13.6 310 131
1.0 - - - - 38 13.6 3.62 134
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Figure 4 Variation of the conformational parameter ¢ for the FENE
model in elongational flow versus the elongation rate v with {a) and
without (b) hydrodynamic interaction

according to equation (15), v is proportional to the
intrinsic viscosity in the absence of flow

vor [n]ke* (16)

and taking into account that [#]¥ varies differently with
the chain length depending on our consideration of HI*#,
Le.

[r]]?):.noHlIN'z (173)
and

(1% moc N7 (17b)
we obtain, combining equations (16) and (17) and making
use of the observation that v_ is independent of chain
length

(Enomnc N2 (18a)
and

(B N 32 (18b)

Experimentally?”-28 it is obtained that & ocN™3¥2
which is in perfect agreement with our simulation results
in the presence of hydrodynamic interaction. We recall
that for a chain of Morse springs there is a dissociation
(or fracture) limit, but the rise in chain dimensions is not
as sharp as in FENE chains, and therefore we did not
discuss v, for Morse chains in our previous work'*. On

the other hand, the need to introduce HI into the model
to reproduce the experimental result is evident.

Studying the hydrodynamic behaviour, we will pay
attention to the elongational viscosity 5. This property
can be calculated from*

ﬁ = (T,\'.\' - T::)/é (1 9)

where 7, and t__ are the normal components of the stress
tensor of the solution. As in the case of shear flow, we
are interested in the contribution of the polymer to the
viscosity of the solution as measured by the elongational
intrinsic viscosity [4]. Using again the Kramers*® tensor
we obtain

N, X
Y (R FIN =R F (20)

nl=
[ ?] I]SA{IE i=1

and

N
[7]* =(6mo*/é%) Y. (RFEF™* —RXF™*y  i=1,...,N

i=1
(21

where R, , and F{™) (x=x, y or z) and their dimensionless
forms have the same meanings as in equations (13).
From our simulations for the FENE model we have
obtained the variations in [/} versus v with and without
HI. In both cases we can observe an important change
in the viscosity for a certain value of v that coincides
with v, for the coil-stretch transition of the chain as
shown in Figure 5, where we have considered only the
HI case. At very high ¢, the properties of the FENE model
are expected to reach a plateau or limit corresponding
to a nearly linear chain with spring lengths close to Q,.
This is indeed predicted by other calculations'®2°. In
our simulations we cannot approach that limit because
these forces are very strong and the algorithm becomes
unstable (a much smaller Ar would be required). Anyhow,
our results in Figures 4 and 5 show, after the sudden
increase, an inflection that suggests the expected trend.
For the HYBRID model with N =20, we show in
Table 2 the values of (S?)* and [;7]* for different
intensities of flow. They show variations similar to those
shown by the Gaussian model. However, the existence
of a certain value § above which the polymer chain

LIER"
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1000; = N-12 ¢
| & N=20 ‘-"uDD
100} o
| |
10-E:, j;
é )Oﬁomﬁﬁ
£
o1 e
0.1 1 p 10

Figure 5 Variation with elongation rate v of the elongational intrinsic
viscosity [#j] for the FENE model normalized to its value at zero
elongation rate [/}, and including hydrodynamic interaction
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Table 2 Values of the mean-square radius of gyration <$*) and
elongational Intrinsic viscosity [#] for the Gaussian and HYBRID
models (both in dimensionless form) corresponding to a chain length
of N =20 with and without HI

NoHI HI

HYBRID Gaussian HYBRID Gaussian

S (ST [ e (SHFr (S$H*

0.0t 337 170 335 198 001 321 123 317 93
0.03 365 228 355 255 003 326 106 324 99
005 466 325 44 381 005 339 115 374 131
006 56 3719 47 452 008 376 133 40 141
0.07 130 1100 145 1201 0.1 45 172 89 207

n

1000 L0 00000

100

7
o]
I 0 .

0 2 4 6 8 10 12 14 16 18 20
t'

Figure 6 Fracture kinetics of 1000 chains with N =20 for the HYBRID
model without hydrodynamic interaction at é*=0.4

fractures introduces a substantial difference with respect
to the Gaussian model. The difference appears because
we have changed the completely elastic behaviour to
elastic behaviour with a limit above which the connector
cannot be stretched any more and breaks. As a
consequence, for é> ¢ certain connectors can reach Q,
and then follow non-linear behaviour before fracture.
Therefore, in this model (different from the Gaussian
model'®) there is a transition from linear to non-linear
elasticity and finally to fracture. This simulated process
is similar to the real process.

We have done a brief study of the kinetic parameters
of fracture for the HYBRID model. We start with the
dependence of & on the chain length N. From our results
we obtain a clear linear variation when we plot (in a
log-log diagram) & versus N, and we can express this
resuit as

Ednoruc N710% (22a)

and
(B oc N ™32 (22b)
in perfect agreement'* with the results obtained with

both Morse and Gaussian models in the two HI cases.
The HYBRID model, therefore, also behaves properly in
the prediction of this power law.

Finally, we consider the kinetics of fracture by plotting
the number of intact chains n versus time for a determined
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Table 3 Values of the fracture rate constant k; and fracture half-time
1,  for Gaussian (G), Morse {M) and HYBRID (H) models {in dimen-
sionless form) corresponding to a chain length of N =20 without HI

& (k¥ (k¥)g (k#h (%t (rf g (17 2)m
0.2 0.13 0.13 - 24.35 337 -

04 0.37 0.28 0.27 10.15 14.3 10.5
0.5 0.5 0.47 - 7.80 10.0 -

0.6 0.71 0.68 042 6.29 8.2 6.4
0.7 0.76 0.88 - 5.26 6.9 -

0.8 0.97 1.11 0.67 449 58 44

value of &* (6*>¢F). In Figure 6 we see that this
characteristic can be fitted, after a brief induction period,
to a first-order law in the form Inn= — ki + A, and from
the slope of the decay we can obtain the rate constant
of fracture k;. In Table 3 we show the simulation results
for the HYBRID model compared with those from the
Morse and Gaussian models'>. A qualitative comparison
can be made by neglecting hydrodynamic interaction.
saving a very large amount of computing time. Another
interesting study is the determination of the dependence
of k. and the fracture half-time t,,, on &. For the
HYBRID model we obtain kFocé* and i¥,0c(s%)~ 12, in
perfect agreement with the findings from the other
models. Numerically the value of k¥ for the HYBRID
model is very similar to the Gaussian value, while for
t¥, the value practically coincides with that from the
Morse model. In other words, the HYBRID model shows
fracture behaviour that is really hybrid between Gaussian
and Morse.

CONCLUSIONS

In the present work, we have proved that the finite
extensibility of the springs in bead and spring models is
important for describing qualitatively different properties
of polymer solutions in the presence of flows, as shown
by comparison of the FENE and Gaussian models. In
particular, for FENE chains the deformation in shear
resembles the experimental behaviour, the viscosity
shows a typical shear-thinning effect, and in elongational
flows there is a sharp variation of properties with
elongation rate. Taking into account HI introduces
quantitative corrections that approximate our results to
the experimental values.

On the other hand, the HYBRID model shows for the
whole range of intensities of flow previous to fracture a
behaviour similar to that shown by the Gaussian model
in the presence of steady flow, but introduces a new
improvement for the study of fracture processes that will
allow the use of longer At values with a consequent
decrease in computing time. This will make it possible
to run longer simulation experiments, which is presently
a serious limitation.
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